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Introduction 

. Let (G, V) be an irreducible prehomogeneous vector space defined over a number 

field k, P E k[V] a relative invariant polynomial, and x ^ rational character of G 
; such that P{gx) = x{9)P{.x). Let V^"" = {x G 14 | P{x) ^ 0}. For x G let G^ 
J3 \ be the stabilizer of x, and the connected component of 1 of Gx- We define Lq to 
be the set of x G V^^^ such that (7° does not have a non-trivial rational character. 
Then we define the zeta function for (G, V) by the following integral 

> 
00 

o 

Q\ • invariant measure. 

r-| ■ Shintani showed the convergence of Z{^, s) for Re(s) ^ for the spaces Sym^/c"^ 

. and Sym"^/c^ (see [4], [5]). F. Sato showed the convergence of Z($, s) when G^ fl 
^ ! Ker(x) is connected semi-simple (which implies that Lq = V^^) (see [1]). Note 
[ that his assumptions in [1] were later proved by other people. Also he considered 
prehomogeneous vector spaces over Q, but if (G, V) is a prehomogeneous vector 
space over /c, we can consider (G, V) as a prehomogeneous vector space over Q. 
Then the zeta function of (G, V) over k and the zeta function of (G, V) over Q are 
the same. So his result implies the convergence of the zeta function for prehomo- 
geneous vector spaces as above over an arbitrary number field k. In [8], we showed 
the convergence of Z($, s) when dimG = dim]/ (in this case Lq = V^^ also). These 
cover 23 types of irreducible reduced prehomogeneous vector spaces. Ying recently 
showed the convergence of Z($, s) for a few cases when Lq ^ V^^^. In this paper, 
we prove the convergence of Z($, s) for prehomogeneous vector spaces of the form 
(G/T, V), where G, V are as follows: 

(1) G = GL(2) X GL(2) x GL(2), V = k^ ® k^ 

(2) G = GL(3) X GL(3) x GL(2), V = k^ (g) k^ (g) 

(3) G = GL(4) X GL(2), V = A^k^ ® 

(4) G = GL(6) X GL(2), V = A^k^ ® k^, 



where $ is a Schwartz-Bruhat function, s is a complex variable, and dg is an 
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and T = Ker(G — > GL{V)) for all the cases. These are the D4, Eq, D5, £'7 cases 
in [6]. 

Note that since Lq = V^'^ for the case (4), the result of M. Sato and Shintani 
(see [3]) on the meromorphic continuation and the functional equation of the local 
zeta function at an infinite place implies the meromorphic continuation of Z{^, s) 
and the functional equation of the form 

Z{^,s) = Z{^,N-s), 

where $ is an appropriate Fourier transform and A?" is a number which can easily be 
figured out depending on the normalization, (see §0.3 of [8]). For the cases (l)-(3), 
the meromorphic continuation of Z{^, s) is imknown. 

In [7], Ying considered three types of prchomogeneous vector spaces, one of which 
is the case where G = GSpin((5) x GL(2) for a non-degenerate quadratic form Q 
in n > 4 variables, and V is the tensor product of the standard representations. 
When GSpin((5) is split, the case n = 4 (resp. n = 6) is the case (1) (resp. case 
(3)) of this paper. So cases (1) and (3) of this paper are covered by Ying. However, 
our method is totally different from Ying's method. For example, his method is 
based on the consideration of Tamagawa numbers as in F. Sato's paper [1] and does 
not prove that the incomplete theta series J2x€Lo ^(9^) satisfies the assumption 
of Shintani's lemma (see §3.4 of [8]). Our method is to estimate the incomplete 
theta series on a Siegel set. Therefore, we can show that X^^^^^j ^{gx) satisfies the 
assumption of Shintani's lemma. 

We handle the cases (1), (2) in §2, and the cases (3), (4) in §3. 

§1 Preliminaries 

We basically follow the notations of [8], but we recall the most basic ones. For a 
finite set X, #X is its cardinality. If /, g are functions on a set X (not necessarily 
finite), f g means that there exists a constant C such that f{x) < Cg{x) for all 
X & X. We also use the classical notation x <^ y when j/ is a much larger number 
than X. We hope the meaning of this notation will be clear from the context. The 
ring of adeles (resp. the group of ideles) over k is denoted by A (resp. A^). For a 
vector space V over fc, Va is the adelization, and S^{Va) is the space of Schwartz- 

Bruhat functions. We define = {x G M | a; > 0}. For A G M.^, A is the idele 
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whose component at any infinite place is AT^ and whose component at any finite 
place is 1. Let \x\ be the adelic absolute value of x G A. Then |A| = A. Let 
0'n{ti, - ■ ■ ,tn) be the n-dimensional diagonal matrix whose (i, i)-entry is ti for all 
i. We define GL(n)^ = {g e GL(n)A | | det g\ = 1}. 

For all the four cases in this paper, G is of the form G = GL(?ii) x • ■ ■ GL(nj). 
(/ is either 2 or 3). Let Gi = GL(ni) for all i. Let Ti C Gi be the set of diagonal 
matrices, and T = Ti x ■ ■ - Tf. Let e > be a sufficiently small constant. We define 
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For Ci = (cji, • • • , Cim-i) e R*^* ^ we define 

= Qi(l,-l,0,-- - ,0) + Q2(0,l,-l,0,--- ,0) + --- + Q^,_i(0,-- - ,0,1,-1). 
Let t|pg be the cone generated by positive weights, i.e. 

t*,pc = {WiiCi) e t* I Ca, • • • , Cin._i > 0}. 

Apparently, the set of interior points of t*^^ consists of points of the form Wi{ci) 
where Cji, • • • , Qni-i > 0. For c = (ci, • • • , c/), we define 

W(c) = {Wi{ci),--- ,Wf{cf)). 

Let 
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For t E and y = (yi, 
manner. Let p G t* be half the sum of positive weights. This means that = 

n.n,<.(A^.A-;)for 

t = (OnilAii, • • • , Ai^J, • • • , anf{Xii, ■ ■ ■ , A/n/))- 

The Weyl group 14^ of G is the product of the Weyl groups of GL(ni), • • • , GL(n f) 
and we identify the Weyl group of GL{ni) as the set of permutation matrices for 
all i. The group W acts on from the left by t ^ gtg'^ for g e W, t eT^. We 
define the left action of W on t* by t^y = {g~Hg)y ioi g eW, yet*, t G T^. 

For the cases in this paper, up to a constant, s) coincides with the following 
integral 

/ V ^{Xg''x)d^Xdg\ 

where the action of A is the usual multiplication by A, A = A^-'^cZA, and dg^ is an 
invariant measure on G^. We define 

Z+($,s) = / X^J2 H^'^)d''Xdg'. 

J[l,oo)xGl/G, ^^Lo 

It is well known that there exists a compact set O C G^ such that OTf surjects 
to Gl/Gk- Therefore, by Proposition (1.2.3) [8], there exists < 5^ G ^5^(14) such 
that Z{^, s), Z+{^, s) are bounded by constant multiples of the following integrals 

(1.1) / A^"(^) V ^{Xtx)t-^Pd''Xd''t, 
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respectively, where d^t is an invariant measure on T°. 

In the foUowing sections, we choose a coordinate system ) of 

V for each case so that there exists 7^ G t* for i = 1, ■ ■ ■ , and tx = (f^^Xj) for 
t E T^, X E Va- The element 7i is called the weight of the coordinate Xj. For 
X = (xi, • • • ,xn) e Vk, we define Ix = i N \ Xi 0}. Let Conva be the 

convex hull of the set {7^ \ i E Ix}- 

Definition (1.2) A point x E Vk is k-stable if for all g E Gk, the convex hull 
Convga; contains a neighborhood of the origin of t* . 

We showed in Proposition (3.1.4) [8] that if Lq coincides with the set of k- 
stable points, Z{<^^ s) converges absolutely for Re(s) ^ and ^+(^*, s) is an entire 
function. 

We need the following lemma in §2 to show that Lq coincides with the set of 
A;-stable points for the cases (1), (2). 

Lemma (1.3) Suppose that L C V^^^ is a Gk-invariant subset such that Conva; 
contains an interior point o/t^c Z^*^ ^'^?/ x E L. Then x is k-stable for all x E L. 

Proof. Suppose x E L. Let g E W, t E T^. We define 

i 

ei = (0,---,0,i,0,--- ,0)EVk 

for i = 1, • • • , iV. Then tci = tZi e^. So 

tgei = gg'Hgci = gijTHgY^ a = t^ gei. 

Therefore, Conv/g^: = (/Conv^;. Since Lq is G/j-invariant, gx E Lq. This implies 
that gCoivVx contains an interior point of t*(,. So Conva; contains an interior point 
of (7~^t*p. Note that this statement is true for all g E W . 

Suppose that Conva; does not contain a neighborhood of the origin of t*. Since 
Conva; is a finite convex polytope, this implies that Conv^ is contained in a half 
space containing the origin, say {y E i* \ l{y) < 0} where l{y) is a non-zero linear 
form on t*. There exists an element g E W such that l{g~^y) is of the form 

ii9~^y) = h{yi) + --- + h{yf), 

hiVi) = anVii H \- cUmyini 

for y = {yi, ■ ■ ■ ,yf) E i* where a^i > ■ ■ ■ > a^^^ are constants for z = 1, ■ ■ ■ , /. 

Since yn + ■ ■ ■ + yim = for all i, we may assume that a^j > for all z, j. Also 
since the linear form / is not identically zero, we may assume that there exist io, Jo 
such that aiojo > ai^j^+i. 

We showed that there exists an interior point w{c) = {wi{ci), • ■ ■ ,Wf{cf)) of 1*^, 
such that Conv^; contains the point g~^w{c). Then 

l{g-^w{c)) = J2Y1 ^^ij ~ 
i=i 3=1 
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By assumption, all the terms are non-negative and at least one term is positive. 
Therefore, l{g~^w{c)) > 0. This is a contradiction. So we can conclude that Conva; 
contains a neighborhood of the origin. 

Q.E.D. 

§2 D4, Eq cases 

We consider the cases (1), (2) in the introduction in this section. We consider 
these prehomogeneous vector spaces as M(2, 2) ® /c^ or M(3, 3) ® /c^, i.e. the space 
of 2 X 2 or 3 X 3 matrices whose entries are linear forms in two variables v = 
ivi,V2)- We express a general element of V as Mj:{v) = viXi + V2X2 where xi = 
(,xi,ij), X2 = {x2,ij) arc 2 x 2 or 3 x 3 matrices. We choose x = {xi,X2) as the 
coordinate system of V. If (7 = ((71, (72, ds) is an element of GL(2) x GL(2) x GL(2) 
or GL(3) X GL(3) x GL(2), the action of g is defined by 

gMa,(v)=giM^ivg3yg2. 

We define -Fx(^) = detMx(t'). Then is a binary quadratic or cubic form. It 
was proved in [2] that V^^ is the set of x such that Fj; has distinct factors over the 
closure k of k. We showed in [6] that Lq is the set of x such that is irreducible. 

Theorem (2.1) The set Lq coincides with the set of k-stable points. Therefore, 
Z{^,s) converges absolutely for Ile{s) ^ and Z+{^,s) is an entire function. 

Proof. Suppose that F^ is irreducible. Then for any v e k"^ \ {(0,0)}, Fx{v) 7^ 0, 
i.e. Mx{v) is a non-singular matrix. In particular xi,X2 are non-singular matrices. 
Let t = {ti,t2, ts) e T^, where 

Ml = a2(Aii, A^i^), t2 = a2(A2i, A2i^), ts = a2{Xsi,X3i) case (1), 

i ti = a3(Aii, A12, A13), t2 = a3(A2i, A22, A23), ts = a2(A3i, Agi^) case (2), 

and A11A12A13 = A21A22A23 = 1- 

The set Lq is clearly Gfc-invariant. So by Lemma (1.3), we only have to show 
that for any x G Lq, Conv^; contains an interior point of t*(,. Let 'ji.jk be the weight 
of the coordinate Xijk for all i, j, k. The element jijk can be expressed in the form 
lijk = w{dijk) (dijk may not be in t^^,). 

We first consider the case (1). The following lemma is easy to verify and the 
proof is left to the reader. 

Lemma (2.2) (1) = (i, i, i). 

(2) «ii,i2 = (^, I). 

(3) cZi,2i = (-|, |, I)- 

Note that d2jk can be obtained by replacing the last ^ in dijk by — |. 

Suppose X G Lq. If xi^ii ^ 0, then 71,11 G ConVa; and 71,11 is an interior point 
of by the above lemma. 

Suppose a;i,ii = 0. Then since xi is non-singular, xi, 12,^1,21 7^ 0. Moreover 
if 2^2,11 = 0, we can choose v E k^ \ {0} so that Ma;{v) is singular. This contra- 
dicts to the assumption x G Lq. So we may assume that a;2,ii 7^ 0. Therefore, 
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71,12, 71,21, 72,11 e Conv^. This implies that 71,12 + 71,21 + 72,11 e Conv^ also and 

C^l,12 + C^l,21 + C^2,ll = Q, ^, ■ 

So 7i,i2 + 7i,2i +72,11 is an interior point of Conva;. This completes the proof of 
Theorem (2.1) for the case (1). 

Next, we consider the case (2). The following lemma is easy to verify and the 
proof is left to the reader. 

Lemma (2.3) (1) rfi,ii = ((|, i), (|, i), i). 

(2) (ii,i2 = ((3, 3), (-3, 3), 2)- 

(3) di,i3 = ((|, i), (-|, -§), |). 

(4) (ii,2i = ((-3, 3), (3, 3), 2)- 

(5) (/i,22 = ((-3, 3), (-3, 3), 2)- 

(6) di,3i = ((-^, -3), (3, 3), 2)- 

Note that d2,jk can be obtained by replacing the last ^ in dijk by — |. 
Suppose X e Lq. If xi 11 7^ 0, then 71 n e Conva; and 71 n is an interior point 

oft;c- 

Suppose a;i,ii = 0, a;i,i2, a;i,2i ^ 0. Then 71,12,71,21 e Conva;. So 71,12 + 71,21 e 
Conv^: also and 

cil,12 + c/i,21=(Q,^),Q,0,l). 

So 71,12 + 71,21 is an interior point of t*^. 
Consider the following two cases: 

(1) a:i,ii = 0, a;i,i2 = 0, and a;i,2i ^ 0, 

(2) a;i,ii = 0, a;i,2i = 0, and a;i,i2 7^ 0. 

Since these cases are similar, we only consider the case (1). Since xi is a non- 
singular matrix, Xi,i3 7^ 0. If 0:2,11 = ^2,12 = 0, we can choose v E k'^ \ {0} so 
that f 1X1,13 + f2a;2,i3 = 0. This contradicts to the assumption x e Lq. So we may 
assume that either X2,ii 7^ or a:;2,i2 7^ 0. Since 

Ci2,ll = cj2,12+((0,0),(1,0),0), 

we only consider the case ^2,12 7^ 0. 

With these assumptions, 71,21,71,13,72,12 £ ConVa;. Then 

371,21 + 271,13 + 272,12 e ConVa; 

also and 

So 871,21 + 271,13 + 272,12 is an interior point of t*^. 

Suppose xi,ii — Xi,i2 = xi,2i = 0. Then since xi is a non-singular matrix, 
a;i,i3,a;i,22,a;i,3i 7^ 0. Suppose X2,ii 7^ 0. Then 

71,13 + 71,22 + 71,31 + 72,11 e ConVa; 
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and 

dl,l3 + d\^22 + C?l,31 + C?2,ll — 

So 7i,i3 + 7i,22 + 7i,3i + 72,11 is an interior point of 1*^.. 

Suppose xi^ii = Xi^i2 = xi^2i = 2^2,11 = 0. Then if either X2,i2 = or ^2,21 = 0, 
we can choose v E {0} so that viXi +V2X2 is singular, which is a contradiction. 
So a;2, 12, 2^2,21 7^ 0. By assumption, a;i,i3, xi,22, a;i,3i ^ also. Then 

71,13 + 71,22 + 71,31 + 72,12 + 72,21 e Conva; 

and 

C^l,13 + C?l,22 + C?l,31 + C?2,12 + C?2,21 = 

So 7i,i3 + 7i,22 + 7i,3i + 72,12 + 72,21 is an interior point of 1*^,. This completes the 
proof of Theorem (2.1) for the case (2). 

Q.E.D. 

§3 -D5, cases 

We consider the cases (3), (4) in the introduction in this section. We consider 
these cases as the space of 4 x 4 or 6 x 6 alternating matrices whose entries are 
linear forms in two variables v = (^1,^2)- We express a general element of V 
as Mx{v) = viXi + V2X2 where xi = {xi^ij), X2 = ix2,ij) are 4 x 4 or 6 x 6 
alternating matrices. We choose x = {xi,X2) as the coordinate system of V (we 
only consider Xijk such that j > k). If (7 = (5^1, 5^2) is an element of GL(4) x GL(2) 
or GL(6) X GL(2), the action of g is defined by 

9MM = 9iMa,ivg2y9i. 

Since M^iv) is an alternating matrix, there exists a binary quadratic or cubic form 
Fx{v) such that detMa;(f) = Fx{v)'^ {Fx{v) is the Pfaffian of Mx{v)). It was proved 
in [2] that V^^ is the set of x such that Fx{v) has distinct factors. We showed in [6] 
that Lq is the set of x such that is irreducible for the case (3) and that Lq = V^^ 
for the case (4). 

Theorem (3.1) The integral Z{^, s) converges absolutely and locally uniformly for 
Re(s) ^ and Z^{^, s) is an entire function. 

Proof. Unlike the cases (1), (2), there are no fc-stable points, so we have to be a 
little more subtle for these cases. Let be as in §1. For L C V^, we define 

(3.2) eL(*, At) = 2]]*(Ate) 

x€L 

for A e M+, t e . 

We estimate 0Lo(*) A*)- Note that if y e t*, the integral /^o t^'^fd^t converges 
absolutely if — (y — 2p) is an interior point of t* . 
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Let t = {ti,t2) where 



r ti = a4(Aii, Ai2, Ai3, A14), t2 = a2(A2i, A21 ) case (3), 

\ti = aelAii, A12, A13, Ai4, A15, Aig), ^2 = 02(A2i, A^^^) case (4). 

Let 'jijk be the weight of the coordinate Xijk for all k {j > k). The element 
Jijk can be expressed in the form ■yi.jk = w{dijk), where dijk £ or R^. 

Let a = Re(s). We will prove that the function A'^Qlo At)t~^'^ is integrable 
on M_|_ X for cr S> 0. What we are going to do is to divide Lq into a union of finite 
number of (not necessarily Gfc-stable) subsets Lj and to estimate ©i,^ At)t~^^ 
by a finite number of functions of the form XP^t'^icN) -^here pn G R, cjv £ or 
depend on a finite number of positive numbers N. These numbers should have 
the property that if we choose N appropriately, pn ^ and all the entries of cjv 
are negative. 

If A > 1, for any cr e R, we can choose N depending on a so that a+pN < and 
all the entries of cat are negative. This implies that the function X^Q^ii^, Xt)t~^^ 
is integrable on [1, 00) x Tf. If A < 1, we fix N so that all the entries of cat 
are negative. Then if a + pn > 0, the function A'^0l.(\1/, At)t~^^ is integrable on 
(0, 1] X T^. Since a is arbitrary for the convergence of the integral on [1, 00) x T^, 
this proves the convergence of s) for Re(s) ^ and .^+($, s) for all s. 

Let 

.33. ^ ^ r {(z,j,A;) I z = 1,2, 1 < A;<j < 4} case (3), 

° \ {(z,i,/c) I i = 1,2, 1 < /c < j < 6} case (4). 

For / C /o, we define 

(3.4) hi{X,t)^ H sup(l,A-4-^--) 

(i,j,k)ei 

for A e G Tf. 

Functions of the form hi{X,t) often appear in estimates of various incomplete 
theta series because our main tool is Lemma (1.2.6) [8]. So we first consider the 
function hi{X,t). We start with the following two observations whose proofs are 
easy and are left to the reader. 

Lemma (3.5) 

(1) Ifh Che lo, then hi^{X,t) < hi^{X,t). 

(2) // / = /i U ^2 C lo, then hi{X, t) = hi, (A, t)hi^ (A, t). 

Lemma (3.6) 

hi{X,t) = sup TT {X-H-^'-^'^). 

I'd 

Next, to simplify the situation, we estimate hi{X,t) by functions of the form 
Let 

, _ j {idi,jk,ir ■ ■ idijk,3),dijk,4) case (3), 
[ {{di,jk,i,- ■ ■ ,di,jk,5),di,jk,6) case (4). 
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We define 

ci,i = ^idk,h 

(i,j,k)el 

for all I and put 

f {{ci,ir-- ,c/,3),C7,4) case (3), 
I ((c/,1,--- ,ci,5),ci,e) case (4). 

Lemma (3.7) hi{X,t) < sup(l, A-#-^)t-^('=^) on R+ x T°. 
Proof. Note that 

{i,j,k)€l' ii,j,k)€l' 

and A-#-^' < sup(l,A-#^). 

Let dijk £ I^'^ or be the element obtained by replacing positive entries of 
di,jk by 0. Then 

{i,j,k)er {i,j,k)&I' 
However, since all the entries of dijk are non-positive for all k. 

f-T,iii,j,k)ei' '^(^i'ik) ^ f-E(i,j,k)ei^(d'i,jk) _ ^-w(cj)_ 

This proves the lemma. 

Q.E.D. 

For the rest of this section, A e 1R+, t e T°. So in inequalities like Lemma (3.7), 
we will not mention that it is uniform with respect to A e K-i-, t e T°. 

We first consider the case (3). The following lemma is easy to verify and the 
proof is left to the reader. 

Lemma (3.8) (1) rfi,2i = ((^ 1, |), i). 

(2) rfi^3i = ((i,0,i),i). 

(3) di,4i = ((i,0,-i),i). 

(4) di,32 = ((-iO,i),i). 

(5) cZi,42 = ((-|,0,-i),i). 

(6) cZi,43 = ((-i-l,-i),i). 

Note that d2jk can be obtained by replacing the last ^ in dijk by — |. Also if 
we put do = ((—3, —4, —3), —1), then — 2p = w{do). By Lemma (3.7), hi^{X,t) <C 
sup(l, A-^2)^-^(co)^ ^Yiere 

(3.9) co = c,„ = -((3,2,3),3). 

Definition (3.10) (1) Li = {x e Lq \ xi^2i + 0}. 
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(2) L2 = {x e Lo\ xx,2\ = 0, xi^si ^ 0}. 

(3) L3 = {xe Lo \ xi^2i = 0, xi^si = 0}. 

Apparently, Lq = Li U L2 U L3. So we estimate 1, . Xt)t~'^P for z = 1,2, 3. 

(1) Consider Li. 

Let / = lo \ {(1, 2, 1)}. By Lemma (1.2.6) [8], for any iV > 1, 

By Lemma (3.7), 

/i/(A, t) < sup(l, A-ii)r(«3'2'3)'3)), 
/t,(A,t)t-2^ « sup(l, A-ii)t-(«0'-2'0)'2)). 

Since all the entries of cii,2i are positive, X'^Qlx Xt)t~'^P is integrable on M_|_ x T° 
for (7 » and on [1, 00) x T° for all a. 

(2) Consider L2. 

Let / = lo \ {(1, 2, 1), (1, 3, 1)}. By Lemma (1.2.6) [8], for any TV > 1, 

QLA^,Xt)t-'^P < X-^t-^^^'''hi{X,t)t-'^P. 

By Lemma (3.7), 

/l2(A,t)«SUp(l,A-l°)r(«3>2,3),3))^ 
h2{\t)t-^P « SUp(l, A-10)t-(«0'-2'0)'2)). 

So for any N >1, 

eL.(*, At)t-2^ « A-^sup(l, A-i°)r«(°'-2'°)'2)-^«^.o,^),^)). 

Since all the entries of ((0,-2,0), 2) - iV((i, 0, i), i) are negative if iV > 4, 
A^eLi(*, At)t-2'' is integrable on R+ x for a > and on [1, 00) x for all a. 

(3) Consider L3. 

Suppose X e L3. Then since xi is non-singular, xi,32, a;i,4i 7^ 0. We define 
/ = Jo \ {(1,2, 1), (1,3,1), (1,3, 2), (1,4,1)}. Then by Lemma (1.2.6) [8], for any 
N>1, 

QLs{'^,Xt)t-^f' < A-2^t-^(^i'3^+^i-")/i/(A, t). 
By Lemma (3.7), 

hi{X,t) < sup(l,A-S)r«t'2'i)'3)), 
hi{X,t)t-^P < sup(l, A-^)r«-^'-2'-^)'2)). 

So for any iV > 1, 

0L3(*, At)t-2^ « A-2^sup(l, A-^)t"'(«-^'-2'-^)'2)-^('^i.-+di.4i)), 
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Since di^32 + c?i,4i = ((0, 0, 0), 1), all the entries of 



-^,-2,-^),2)-7V(di,32 + ciMi) 



are negative if N > 2. Therefore, X'^Qiii^, ^t)t~'^P is integrable on R+ x T° for 
(T > and on [1, oo) x T° for all a. 

This completes the proof of Theorem (3.1) for the case (3). 

Next, we consider the case (4). The following lemma is easy to verify and the 
proof is left to the reader. 

Lemma (3.11) (1) di,2i = ((§, |, 1, §, |), |). 

(2) dl,31 = 

3' 3' ' 3' 3^' 2/' 

^3' 3' ' 3' 3^' 2''' 

1 -i -2) i) 
■ 3' 3' ' 3' 3/' 2/" 
f_l 1 1 2 l^ l^ 
^ 3' 3' ' 3' 3/' 2/" 



(3) (ii,4i = 

(4) rfl,51 - 

(5) (ii,6i = 

(6) rfi,32 = 

(7) rfi,42 = 

(8) dl,52 - 

(9) rfi,62 = 

(10) t/l,43 = 

(11) rfl,53 = 

(12) Cil,63 = 

(13) (ii,54 = 

(14) (il,64 = 

(15) (ii,65 = VV 35 3' -^5 35 3^' 2^ 

Note that d2,jk can be obtained by replacing the last | in dijk by — ^. Also 
if we put do = ((— 5, — 8, — 9, — 8, — 5), — 1), then —2p = w{do). By Lemma (3.7), 
hi^{X,t) < sup(l, A-3°)t-"'('^o), where 



3' 3' 3' 3''' 2' 

3' 3' ' 3' 3^' 2/" 

_1 1 -i -2) i) 
3' 3' ' 3' 3^' 2^- 
_i _2 Q 2 l^ 

3' 3' ^' 3' 3/' 2/- 
_1 _2 Q _1 1^ 1^ 
3' 3' ' 3' 3^' 2^' 
_i _2 -1 -2) 1) 
3' 3' ' 3' 3/' 2/- 
1 2 1 _1 IN IN 
^1 3' 3/' 2/" 
1 _2n In 
' 3' 3''' 2^' 
_1 _2 _-! _4 _2\ 1\ 
3' 3' 3' 3/' 2/- 



"3' 3' 

A _2 

3' 3' ' 



(3.12) 



Co = C/o 



20 20 \ 15 



Definition (3.13) (1) Li = {a; e V^^ \ xi^2i or a;i,3i or xi^^i ^ 0}. 

(2) L2 = {X e V^"" I Xi,21 = Xi,3i = Xi,41 = 0, Xi,32 Or Xi,42 7^ 0}. 

(3) Ls^ {x e V^"" I a;i,2i = a;i,3i = a;i,4i = 2:1,32 = 2:1,42 = 0}. 

(4) L4 = {x e L3 I a;i,43,a;i,5i 7^ 0}. 

(5) L5 ^ {x e Ls \ a;i,5i = 0, a;i,43, 2^1,52 ^ 0}. 

(6) Le = {x e L3 I a;i,5i = a;i,52 = 0, 0:1,43,2:1,61 7^ 0}. 

(7) L7 = {x e L3 \ a;i,5i = a:i,52 = a:i,6i = 0, 0:1,43, xi,62 7^ 0}. 

(8) Ls = {x e Ls l xi,5i = xi,52 = a;i,6i = 2:1,62 = 0, 2:1,43,0:2,21 7^ 0}. 

(9) Lg = {x e L3 I 0:1,43 = 0, o;i,5i ^ 0}. 

(10) Lio = {0: e L3 I 0:1,43 = o;i,5i = 0, 0:1,52,0:1,61 7^ 0}. 

(11) Lii = {x e L3 I 0:1,43 = 0:1,51 = o:i,6i = 0, 0:1,52 7^ 0}. 

(12) L12 = {0: e L3 I 0:1,43 = 0:1,51 = 0:1,52 = 0, 0:1,61,0:1,53 7^ 0}. 
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(13) Lis ^ {x E Ls\ Xi^43 = Xi^5i = Xi^52 = 3^1,53 = 0, Xi^ei, 0:1,54 ^ 0}. 

(14) Li4 = {x e Ls I 2:1,43 = xi,5i = xi,52 = xi^ei = 0}. 

(15) Li5 = {x e Li4 I xi,62, 2:1,53 7^ 0}. 

(16) L16 = G Li4 I a;i,53 = 0, a;i,62, a^i,54 7^ 0}. 

(17) Lir ^ {x e Li4 I xi,62 = 0, ^1,53 7^ 0}. 

(18) Lis = {a: e L14 | a;i,62 = 3:1,53 = 0, a:i,63, a:i,54 7^ 0}. 

Proposition (3.14) (1) V^^^ = Ui<^<^i/ L^. 

(2) Ifxe V^^, there exist 1 <i <2, 2 < j <6 such that Xiji ^ 0. 

(3) If X E Lq, there exist 2 < j < 5, 1 < k <2 (j > k) such that X2,jk 7^ 0. 

(4) If X E Lj, there exists 2 < j < 5 such that X2,ji 7^ 0. 

(5) If X E Lq or Lio, there exist I < k < j < 4 such that X2,jk 7^ 0. 

(6) Ifxe Lii, X2,2i or X2,3i or X2,Ai 7^ 0. 

(7) If X E L12, there exist 2 < j < A, 1 < k <2 (j > k) such that X2,jk 0- 

(8) Ifxe Li3, X2,21 or X2,31 or X2,32 0. 

(9) Ifxe Li5, X2,21 or X 2, 31 or X2,41 0. 

(10) Ifxe Lie, X2,2i or 2:2,31 7^ 0. 

(11) Ifxe Lit or Lis, X2,2i 7^ 0. 

Proof. Note that if 1 < < 18, ij 7^ 3, 14, and i 7^ j, then Li fl Lj = 0. 

It is easy to see that if x e V^^ and x ^ Li,L2, then x e L3. Suppose that 
X e L3 and xi,43 ^ 0. Then if a: ^ L4, • • • , L7, a:i,ij = for z = 1, 2, j = 2, • • • ,6. 
Suppose 0:2,21 = 0. Then by considering the cofactor expansion with respect to 
the first two columns, detMx{v) is a product of V2 and a sum of determinants of 
matrices of the form 



-0 








0- 






* 


* 
















+ V2 


* 




* 


* 


















* 


* 


* 


* 


* 


* 


* 


* 




* 


* 






. * 


* 


* 





The determinant of the above matrix clearly is divisible by f|. So Fj:{v) is 
divisible by which contradicts to the assumption x e V^^. This implies that 
2:2,21 7^ and x e Lg. 

Suppose that x e L3 and 2:1,43 = 0. If 2:1,51 or 2:1,52 7^ 0, then x e JJILq ^i- So 
we assume that x e L3 and 2:1,43 = 2:1,51 = 2:1,52 = 0. Then 2:1,61 7^ or 2: e L14. If 
3^1,61, a:i,53 7^ 0, 2: e L12. Suppose 2:1,61 7^ 0, 2:1,53 = 0. Then if 2:1,54 = 0, 2:1,^^ = 
for J, = 1, ■ ■ ■ , 5. So by the cofactor expansion with respect to the last row and 
the last column, detM2;(t') is divisible by f|, which is a contradiction. Therefore, 
3^1,54 7^ 0, which implies that x e L13. 

Suppose X e L14. If 2:1,62, a:i,53 ^ 0, then x e L15. Also if 2:1,62 = 0, 2:1,53 7^ 0, 
then x e L17. Suppose 2:1,62 7^ 0, 2:1,53 = 0. If 2:1,54 = 0, then xijk = for 
J, A; = 1, ■ ■ ■ , 5, which cannot happen. So xi,54 7^ 0, which implies that x e Lie. 
Suppose 2:1,62 = 3:1,53 = 0. Then 2:1,54 7^ for the same reason. If 2:1,63 = 0, the 
first three columns of 2:1 are zero. So detMa;(f) is divisible by f|. But since Mx{v) 
is an alternating matrix, det Ma;(f ) is divisible by v^, which is a contradiction. This 
proves (1). 

The statements (2), (3), (5) are clear. 
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Consider the statement (4). Let a; e L7. Then the first column of xi is zero. 

Suppose X2J1 = for j = 2, ■ ■ ■ ,5. Then by the cofactor expansion with respect 
to the (6,1), (1, 6)-entries, detMx{v) is a product of g^fl and the determinant 
of an alternating matrix of the form 

* * *■ 

* * * 

* * * ' 

* * * 0. 



Vi 



■u u u u 

0** 
0*0* 
.0**0. 



+ V2 



The determinant of the above matrix is divisible by So F^{v) is divisible by 
f|, which is a contradiction. Therefore, if a; e L7, there exists 2 < j < 5 such that 
X2,jl 7^ 0. 

Consider the statement (6). Suppose x e Ln. If the statement of (6) is false, 
there exists x E such that 

(3.15) Xi^43 = Xl,51 = Xi^Gl = X2,21 = X2,31 = X2,41 = 0, ^1,52 7^ 0. 

We show that (3.15) cannot happen. Suppose (3.15) is satisfied. Then M^{v) is 
of the following form 

* *■ 

* * 

* * 

* * 
* 

* 0. 



-0 














0- 














* 


* 














* 


* 














* 


* 





* 


* 


* 





* 


.0 


* 


* 


* 


* 


0. 



+ V2 





0* 
0*0 

* * 

* * * 

* * * 




* 
* 


* 
* 



If 3^2,51 = 2^2,61 = 0, detMa;(t;) is identically zero, which is a contradiction. So 
we assume that 0:2,51 or 0^2,61 7^ 0, Let gi e GL(6)fe be an element of the form 




where A e GL(2)fc. By applying an element of the form g = (gijh) £ GL(6)a; x 

GL(2)fc, we may assume that ^2,21 = a^2,3i = 3:2,41 = 2:2,51 = 0, X2,6i 7^ 0. Note 
that by the action of g, det Mx{v) changes by a non-zero constant and the form of 
xi does not change. 

Therefore, det Mx{v) is a product of g^f | and the determinant of an alternat- 
ing matrix of the form 





-0 








* " 




-0 


* 


* 


* ■ 













* 


+ V2 


* 





* 


* 


Vl 











* 


* 


* 





* 




. * 


* 


* 


0. 




. * 


* 


* 


0. 
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The determinant of the above matrix is divisible by v^- This imphes that Fj;{v) 
is divisible by which is a contradiction. 

Consider the statement (7). Let x e L12. If X2,jk = for j = 2,3,4, k = 1,2, 
Mx{v) is of the form 

" A2' 
Ai * 



Vi 



+ Vi 



B2 
Bi * 



where Ai, Bi are 2x2 and ^2, B2 are 4x4. Also the first row of Ai, the first and 
the second columns of A2 are zero. Since det M^iy) = det(f +V2B1) det(f iyl2 + 
V2B2), det Mj;{v) is divisible by Since Mx{v) is an alternating matrix, det Mj^{v) 
is divisible by V2, which is a contradiction. Therefore, there exists 1 < k < j < 4 
such that X2,jk 7^ 0. 

Consider the statement (8). Let x e L13. If 0^2,21 = a^2,3i = 3^2,32 = 0, Mx{v) is 
of the form 





"0 


-'A' 


+ Vi 


'0 




A 


* 


B * 



where A, B are 3x3 and the first and the second rows of A are zero. Since 
det Mx{v) = det(f iA + t)2-B)^, det Mx{v) is divisible by f |, which is a contradiction. 
Therefore, 0:2,21 or 0:2,31 or 0:2,32 7^ 0. 

Consider the statement (9). Let x e L15. Suppose 0:2,21 = 3:2,31 = 2^2,41 = 0. 
Then by the cofactor expansion with respect to the first row and the first column, 
det Mj;{v) is a product of f| and the determinant of a matrix of the form 



Vl 



Therefore, det Mx{v) is divisible by f |, which is a contradiction. So 0:2,21 or 0:2,31 
or 0:2,41 7^ 0. 

Consider the statement (10). Let x e Lie. Suppose 0:2,21 = a^2,3i = 0. Then by 
the cofactor expansion with respect to the first row and the first column, det Mx{v) 
is a product of and the determinant of a matrix of the form 



-0 














* 




* ■ 











* 


+ V2 


* 


* 


* 


* 











* 


* 


* 


* 


* 


. * 


* 


* 








* 


* 







-0 





* 








* 


* 




Vl 










* 

* 


* 

* 


+ V2 


* 

* 


* 

* 


* 

* 


* 
* 




. * 


* 


* 








* 


* 





Therefore, det Mj:{v) is divisible by vf- Since Mj:{v) is an alternating matrix, 
det Mx{v) is divisible by V2, which is a contradiction. So 0:2,21 or 0:2,31 0. 

Consider the statement (11). Let x G Ln or Lig. Then 0:1.62 = 0. . Suppose 
2^2,21 = 0. Then by considering the cofactor expansion with respect to the first row 
and the first column, det M^iv) is a product of and the determinant of a matrix 
of the form 



Vl 






LO 





* 
* 



* 
* 
* 



+ V2 



* 
* 
* 
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So, detMa;(i;) is divisible by vf, which is a contradiction. Therefore, 0:2,21 7^ 0. 
This completes the proof of Proposition (3.14). 

Q.E.D. 

The following proposition is an immediate consequence of Proposition (3.14). 
Proposition (3.16) 

l<i<18 

We now consider individual cases. 

(1) Consider Li. 

Note that t-7i.2i^ ^-7i.3i ^ t-7i,4i_ go by Lemma (1.2.6) [8] and Lemma (3.7), 
for any N > 1, 

eL,{^,xt)t-^p < A-^t-^^^-4i/i7„(A,t)r('^°) 

< A"^ sup(l, A-30)r('^°-"°-^'^^'"\ 

Since 

4-c.-iv..,.= ((5o,-3.o,5),f)-iv((|i,o,|i).l). 

all the entries of —Ndi^^i — cq + do are negative if N is large. Also if N is large, 
the exponent of A tends to —00. 

Therefore, A^eLi(*, At)*-^^ is integrable on R+ x T° for o" > and on [1, 00) x 
TO for all a. 

(2) Consider L2. 

Let / = /o \ {(1, 2, 1), (1, 3, 1), (1,4, 1)}. For 2 < < 6, we define 

-^2,1/3 = {x G L2 I Xi,32, 7^ 0}, 

-^2,2/3 = {x e L2\ Xi^^2, XlJJl ^ 0}, 

^2,3/3 = {X G L2 I Xi,32,a:2,/31 7^ 0}, 

-^2,4/3 = {x G L2 I Xi,42,X2,/31 7^ 0}. 

(We only consider /3 = 5, 6 for 1/2,1^5 -£'2, 2^-) 
By Proposition (3.14)(2), L2 = Ua,/3L2,a/3. So 

ez.,(vE',At)<Eez,,,„,(vE',At). 
We consider L2.1/3 first. 

Let I' = {(1, 3, 2), (1, (3, 1)}, /" = / \ {(1, 3, 2), (1, /3, 1)}. We define 

= G y I Xijk = for (i, j, k) ^ /'}, 
V^" = {a; G F I a^ijfe = for k) ^ I"}. 
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The subsets V, V" are subspaces of V , and i^2,i/9 can be considered as a subset of 
Vl © Vl' . For X G V ®V" , let p'{x),p"{x) be the projections to the first factor and 
the second factor respectively. 

By Lemma (1.2.5) [8], there exist < G ^{Vl),0 < G ^iV^) such that 

We define 

G'(*',At)= ^ *'(Ate), 

G"(*",At) = J] ^"{Xtx). 

xev- 

Then 

0i-2,i,(*, At) « e'(*', At)e"(*", At). 
By Lemma (1.2.6) [8], 

e"(*", At) < /i/"(A,t) < /i/(A,t). 

We estimate hi{\ t). We define 

/i = {(2, J, 1) for J = 2, 3, 4}, 

(i,5,l),(i,6,l),(i,3,2),(i,4,2),(i,5,2), 1 
' 1 (z, 6, 2), (z, 4, 3), (i, 5, 3), (i, 5, 4) for z = 1, 2 J ' 
/3 = /\(/iU/2) = {(i,6,A;) fori = 1,2, /c = 3,4,5}. 

Then / = /i]J/2]J/3. If {i,i,k) G /i, all the entries except for the last of 
di^jk are positive. If {i,j,k) G I2, dijk is of the form ((ci, —ci), *) or 

((*,C2,*,-C2, *),*). 

By Lemma (3.7), 

hj, (A, t) « sup(l, A-3)r(((oAO,o,o),i))^ 

/i/3(A,t) <SUp(l,A-6)r«(2,4,4,4,4),|))_ 

We have to be a little more careful about hi^{\,t). By Lemma (3.6), 
/i7,(A,t) <sup(l,A-^S) sup t-'^'-^K 

By the proof of Lemma (3.7), for each C /2, there exist a, 6 G R such that 

t-7i.,fc ^ ^ti^(((i,§,2,|,|),|) + ((a,6,0 ,-6-a),0))_ 
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So there exist a finite number of real numbers ai, • • • ,ai,bi,--- ,bi such that 
/i/,(A,t) < sup(l,A-iS)^t^«i'i'2'i3)'i)+««'"'""°'-^'--'"')). 

h=l 

Moreover, — | < a/i < 4, — | < 6^ < | for all h. 
Let 

(3.17) ph= (J^ah- ^,0,-3,0, -ah +^ 

f f 7 ^ 4 ^ ^ 8 1\ 13\ 

= (^a, - - , 6, - - , -3, -6, - -, -a, + - J , - J . 

Then we get the following lemma by the above considerations. 
Lemma (3.18) 

I I 
hi{X, t)t-^P < sup(l, A-2^) ^""^^"^ < sup(l, A-27) ^ r 

/i=l h=l 

Therefore, 

©1-2,1/3 AO^""'' < sup(i, A-27) ^ e'(*', At)r (p'^). 

This implies that wc only have to estimate functions of the form G'(\E'', At)t™'^P'"^. 

For i^2, 2/3; -^2,3/3; -^2,4/37 exactly the same argument works replacing /' by /' = 
{(1, 4, 2), (1, /S, 1)}, {(1, 3, 2), (2, /g, 1)}, {(1, 4, 2), (2, /3, 1)} respectively. 

By Lemma (1.2.6) [8], for any Ni,N2 > 1, 

G'(*',At)r(^"') < A-^1-^^ sup(l, A-2^)r(P''-^i'^i'3^-^^'^i'^i). 

For 1/2,2/3, etc., we get the same estimate replacing di^s2 or di^jsi by (ii,42 or rf2,/3i- 
However, since ^-'''1.32 < ^-71,42 ^-7i,;3i^ ^-72./3i ^ ^-72,61 fop aU ^5, we only have 

to consider functions of the form 

^-JVi-7V2 g^p^2 ;^~27-|^u>(p,i-JVidi,42-JV2d2,6i) 

The point here is that we can choose A^i,A^2 for each h separately. If we had 
used Lemma (1.2.6) [8] directly to At), we get an estimate by the function 

X-N1-N2 sup(l, A-2^)t-^i^i'3^-^^^i''5i 

h=l 

and the choice of Ni , A^2 must be the same for all h. This is the reason why we had 
to separate the two non-zero coordinates to start with. 
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It is easy to see that 



2^1,42 + C/2,61= (^(O,1,O,1,O),0 



We choose iVi,iV2 of the form Ni = 2Ns + N4,N2 = N3 + N5, where N3 > 
1, N4,N5 > 0. Then 



Ph - -/Vi(ii,42 - N2d2. 



61 



ij 1 \ 13 AT ' 

O/i - o ' --^3, -3, -Ns, -ah + o ) ' n ~ ) ~ -^4(^1,42 - -^5C^2,61- 



If ah > 0, we choose iV4 = 4 + Sa/^, iVs = 0. Then 

Ph - iVl(il,42 - N2d2,61 

4 + 3aft 8 + 6aft \ 4+3a. IS-A^s 

-J-) 7;. ^^'3, -o, iVs, -i , 1 



Since a/j > 0, 

4 + 3afe 8 + Qah 4 + 3afe ^ 
3 ' 3 ' 2 - ■ 

Therefore, 

^W{ph-Nidl,42-N2d2,6l) ^ ^«;(((-l,-iV3,-3,-iV3 

A-^*-^« < sup(A-^ A-8) = A-^sup(l, A-^). 
If a/, < 0, we choose iV4 = 4, ATg = Then 

Ph - A''i(ii,42 - A^2(^2,61 

-1, - o + ^ - ^3, -3, -- - ^ - iVg, -1 , -2 + — ^ + 



3 2 "''3 2 -'y' 4 2 



Since — | < a/j for all h, 



4 Oft _8 _ Oft, o , 3afe ^ ^ 
3+ 2 ' 3 2 ' ^+ 4 



Therefore, 



^w{ph-Nidi,42-N2d2,6i) ^ ^K;(((-l,-iV3,-3,-iV3,-l),i5^))^ 

;^-iV4-iV5 ^ sup(A-^ A-^°) = A-4 sup(l, A-^). 
By the above considerations, 

Q'{^',xt)r^p^^ « sup(i, A-33)A-2^3-^r«-i'-^3'-3'-^3,-i),i^). 
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This bound does not depend on a, h. So for any A^3 > 1, 

eL.(*,At)t-2''«SUp(l,A-^3);^-3iV3-4^»((-l,-iV3,-3,-iV3,-l),H^)_ 

Therefore, X'^QL^i'^, >d)t-^P is integrable on R+ x T° for o" > and on [1, oo) x 
TO for aU a. 

(3) Consider L4. 

Let / = /o \ {(1, 2, 1), • • • , (1, 5, 1), (1, 3, 2), (1, 4, 2), (1, 4, 3)}. Then by Lemma 
(1.2.6) [8], for any N >1, 

By Lemma (3.7), 

/./(A, t) « sup(l, A-2^)r«^'^-i'^'^-^'f )'¥), 
/i/(A,t)t-2^<sup(l,A-23)tW(i'-i'-3.-if)'¥). 

It is easy to see that 

rfl,43 + 2di,51 = (^(1,0,0,0,1),^. 
Since the first, the fifth, and the last entries are positive, all the entries of 

are negative. 

Therefore, A^eL4(*, At)*-^^ is integrable on M+ x for cr > and on [1, 00) x 
TO for all a. 

(4) Consider L5. 

Let L^^ais = {x e L5 \ Xa,i3i 7^ for Q! = 1, 2, /? = 2, • • • , 6}. Then L5 = 
We define 

/ = /o\ {(1,2,1), (1,3,1), (1,4,1), (1,5,1), (1,3,2), (1,4, 2), (1,5,2)}. 

Then hi{X,t) has the same bound as in Lemma (3.18) with ah,bh,qh G K for 
h=l,--- ,1. 

We fix a, p. Let /' = {(1, 4, 3), (1, 5, 2), {a, P, 1)}. For e ^(F^), we define 
©'(*', AO = X! *'(A^^)- 

^1,43.^1, 52. ^Q!,/3,l 

By a similar consideration as before, there exists < e '^(^i) ^^^^^ ^^^^ 
eL5,„, (*, At)t-2^ « sup(l, A-27) At)r . 
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We consider each term. By Lemma (1.2.6) [8], for any Ni,N2,N3 > 1, 

Since t~'^°''f^'^ <^ ^-72,6i f^p q,^ ^ above, we only consider the case (ct, jS) = (2, 6). 
It is easy to see that 

di,43 + di,52 + d2,6i = (^{0, 0, 0, 0, 0), . 

So we put Ni = N4+N5, N2 = -/V4+-/V6, -/V3 = N4+N7, where 7V4 > 1, -/V5, iVe, iVy > 
0. 

Let W = {(a, 6, 0, -6, -a) | a,6 e R} C M^. The foUowing lemma and its 
corollary are easy to verify and the proofs are left to the reader. 

Lemma (3.19) The convex hull of 

1 2 2 1\ / II 11\ /2 1 1 2 
"3'~3' 'S'sJ' V 3'3' '~3'3j' U'S' '~3'~3 

contains a neighborhood of the origin of W . 

Corollary (3.20) For any a, 6 e M, there exist ci, C2, C3 > such that 

/122 1\ ll^ /2 1 12 

V 3'~3'°'3' 3J ^''^ V 3'3'°'~3' sj ^''^ V3' 3'°'~3'~3 
= (a, 6, 0, —6, —a). 

By the above Corollary, we choose A^s, ATg, ATy > so that 

,/122 1\ /II 11\ /2 1 12 

^<-3'-3'°'3'3j+^4-3'3'°'-3'3j+^^U'3'°'-3'-3 

= ( o/i - 3 , o/i, 0, -6/1, -an + 3 ) • 

Then 

Since there are finitely many possibilities for h, there exist ci, C2 > such that 

©L6,„,(*,At)t-2''«A-3^^-'^i sup(l,A-27-'^^)r«(-i'-i-3'-t'-i)'^)). 

The right hand side does not depend on a, /i. 

Therefore, A^Gl6(*, At)^-^^ is integrable on R+ x T° for o" > and on [1, 00) x 
T° for aU a. 

(5) Consider Lq. 
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For q; = 2, • • • , 5, /3 = 1, 2, a > P,we define Lq ^is = {x & Lq \ X2,af3 0}- Then 
by Proposition (3. 14) (3), Lq = Ua^/^Le.a/j- Since t-T2,«/3 < ^-72. 52 for all a, (3 as 
above, we only consider the case = (5,2). If x E Lq^^2, 3:1^43, xi^ei? 2^2,52 7^ 0. 

So by the same argument as in (4), A'^0Lg(\E', At)t~^'' is integrable on M_|_ x for 
a- > and on [1, 00) x T° for all a. 

(6) Consider L7. 

For a = 2, • • • , 5, we define Ly^a = {x e \ X2,ai 7^ 0}. Then by Proposition 
(3.14)(4), L7 = Ual/y.a- Since ^ ^-72, 51 fo^ all a as above, we only consider 

the case a = 5 
Let 

7 = /o \ {(1, J, A;) for J = 2, ■ ■ ■ , 6, /c = 1, 2, 3 > /c, (1, 4, 3)}. 
Then by Lemma (3.7), 

/.z(A,t)«sup(l,A-20)r«(^'«-i'6'8-i¥).¥)), 
/i,(A,t)t-2''«sup(l,A-20)t-(«0'-i'-3'-i'3).¥)). 

By Lemma (1.2.6) [8], for any Ni,N2,N3 > 1, 

eL,,,(*,At) < sup(l,A-20)A-^^-^--^« 

^ ^w(((0,-§,-3,-|,i),^)-Afldl,43-iV2dl,62-Ar3d2,5l)_ 

It is easy to see that 

3rfi,43 + 2di,62 + 4cZ2,5i = (^(1, 0, 0, 0, 1), . 
So if we choose Ni = SN^, N2 = 2N4, N3 = 4iV4 and iV4 > 0, aU the entries of 

(^(0, -| -3, ^) ' y) - ^1^1,43 - N2di,e2 - N3d2,51 

f f 2 ^ 4 1 ^ \ 13-iV4\ 

arc negative. 

Therefore, X^QlA^ ,><t)t~'^P is integrable on 1R+ x for cr > and on [1, 00) x 
T° for all a. 

(7) Consider Lg. 

By Lemma (1.2.6) [8], for any iV > 1, 

eL3(*, At)t-2^ < A-^^r^^°-^(3''i-«+2^2'^i^)/i7o(A,t). 
It is easy to see that 

//I 2 10 5\ 1\ 
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Since all the entries of the above element are positive, Q , Xt)t is inte- 
grable on M+ x r° for > and on [1, oo) x for all a. 

(8) Consider Lg. 
Let 

I = Io\ k)foil<k<j< 4, (1, 5, 1)}. 

Then by Lemma (3.7), 

/i,(A,t)«SUp(l,A-23)r(((¥^8-§,6,8-if),¥))^ 

/i,(A,t)r2^«sup(l,A-23)t-(((l.-§.-3.-ii)>¥)). 

For 1 < /3 < a < 4, we define Lq^^ib — {_x & Lq \ X2,cei3 7^ 0}. Then by Proposition 
(3.14)(5), Lg = ^a,i3L9,ai3- Since t~'*^'°'i^ <^ ^-72, 43 ^q^- q]\ q,^ p above, by Lemma 
(1.2.6) [8], for any W > 1, 

eL,,„,(*,At)t-2^«sup(l,A-2i)A-3^r«(0'-i-^'-i'i)'¥)-^(^'^^-"-'^^'«)). 
It is easy to see that 

2^1,51+^2,43= (^(1,0,0,0,1),^. 

So all the entries of 

//4 2 1 5\ 13\ 

,^2 14 ^\ 13-A^\ 

= ((3-^'-3--^--3'3-^j'— ) 

are negative if S> 0. 

Therefore, A^O^g (*, Xt)t-^P is integrable on M+ x r° for o" > and on [1, 00) x 
TO for aU a. 

(9) Consider Liq. 

For 1 < /9 < a < 4, we define I/io,a/9 = {a; e Lio | a;2,a/3 7^ 0}. Then by 
Proposition (3.14)(5), Lio = Ua,/3Lio,a/3. Since t-')'2.«/3 < ^-72,43 for aU a,P as 
above, we only consider the case (a, (3) — (4, 3). 

Let/' = {(1,5, 2), (1,6, 2), (2, 4, 3)}, and 

V' = {xeV\ Xi,jk = for k) i I'}. 
For e y{Vl), we define 

e'(*',At)= ^ *'(Ata;). 
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Then as before, there exists < e =^(^) such that 

eL,o,43 mt-'" « sup(i, A-27)e'(vE'', At) J2 1""^''^- 



h=l 



By Lemma (1.2.6) [8], for any iVi, N2, Ns > 1, 
It is easy to see that 

dl,61 + rfl,52 + ^2,43 = (^(0, 0, 0, 0, 0),^y 

Therefore, by the same argument as in (4), X'^ Ql 10 i^, ^t)t~^P is integrable on 
M+ X for (7 > and on [1, 00) x for all a. 

(10) Consider Ln. 

For a = 2,3,4, we define Lh q, = {x G Lh \ X2^ai 7^ 0}. Then by Proposition 
(3.14)(6), Lii = yJaLii^a- Since t-'^^.^i <^ ^-72,41 fo^ « = 2,3,4, we only consider 
the case a = 4. 

It is easy to see that 

3rfi,52+2di,4i= ff^,^,o,i,^y^V 



3 3 3 3 7 2 



So by Lemma (1.2.6) [8], for any iV > 1, 



0Lii,4(*,At)t-2'' < ^-5iV^^(do-iV(3di.52+2di.4i))/^^^^^) 

« A-^^sup(l, A-^V"^^'-'^'-''-^''^^''^)^- 

Therefore, A""© (*, Xt)t~'^P is integrable on M+ x T^^ for cr > and on [1, 00) x 
TO for all a. 

(11) Consider L12. 

For q; = 2, 3, 4, /? = 1, 2, a > P, we define Li2,a/3 = {x e L12 | X2,a/3 ^ 0}. Then 
by Proposition (3.14)(7), L12 = U«,^Li2,a/3. Since t-T2.«/3 < ^-72,42 for aU a,P as 
above, we only consider the case (a,/?) = (4.2). 

It is easy to see that 

3di,61 + 2di,53 + 4^2,42 = (^(0, 1, 0, 1, 0), , 
4di,6l + 2di,53 + 4^2,42 = ' 
C^l,61 + (^1,53 + 2^2,42 = (^(^~^' ^'0' I' '0 
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Also 



^-u,(((|,|,0,§ -§),!)) ^ ^-»(((i,0,0,0,-|),0))^ 

t-"'(((-iio.i.i).o)) ^ ^-«;(((-io,o,o,i),o))_ 



We define 



mi= ((0,1,0,1,0),^ 



1 



ms- (^0,0,0,0,-0,0 

^3= (^(^-^,0,0,0,0 ,0 

Then by the same argument as in (2), we only have to consider functions of the 
form 

^-10JVi-4iV2-9iV3 g^p^l ^^-27•^^w{ph-Nlml-N2m2-N3m3) 

where Ni > 1,N2,N3 > 0. 

It is easy to see that we can choose A^i , A^2 , so that all the entries of ph — 
Ninii — N2m2 — Nsuis are negative. 

Therefore, A'^ei,^^ (^', Xt)t~'^P is integrable on M+ x T° for a > and on [1, oo) x 
TO for aU a. 

(12) Consider L13. 

For (a, /3) = (2, 1), (3, 1), (3, 2), we define Li3,a/3 = {x e L13 | X2,a/3 7^ 0}. Then 
by Proposition (3.14)(8) L13 = Ua,/3i^i3,a/3. Since t-'T^"/' < ^-72,32 fo^ all a,/? as 
above, we only consider the case (a,/?) = (3,2). 

It is easy to see that 

3cil,61 + 2di,54 + 4C?2,32 = ( (0, 1, 2, 1, 0) ^ 



2 

C^l,61 + C?2,32 =((^,^,1,^,-0,0^, 
C^l,61 + C^l,54 + 2^2,32 = ( ( - , ^ , 1, ^ , ^ ) , ) . 



Also 



i-w(((i§,l,i-|),0)) ^ ^-«;(((i,0,0,0 -i),0))^ 

t-w(((-iii'§.i):0)) ^ ^-»(((-i,o,o,o,i),o))_ 



Therefore, by the argument of (2) and (11), Q L^^i^ , }<t)'t is integrable on 
M+ X TO for (J > and on [1, oo) x T" for aU a. 

(13) Consider L15. 

For a — 2,3,4, we define T15 0, — {x & L15 | X2,ai 7^ 0}. Then by Proposition 
(3.14)(9), Li5 = UaTi5,a. Since ^ ^-72,41 foj, « = 2,3,4, we only consider 
the case a = 4. 

It is easy to see that 

f [2 1 2 1\ 1 

2(ii,62 + 2di,53 + 3^2,41 = U'Q'0'o'Q 'o 
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3' 3' ' 3 3 y ' 2 



Then by Lemma (1.2.6) [8], for any N > 1, 



« A-^^ sup(l, A-30)r (((t>o.-3-o,t),¥)-A^(( 



2 1 2 1-, Inn 

3 ' 3 ' ' 3 ' 3 ' 2 / / 



Therefore, by the argument of (11), A'^Qz^^g (^', At)t is integrable on M_|_ x 
for a ^ and on [1, oo) x for aU a. 

(14) Consider Lie. 

For a = 2,3, we define Lis q, = {x E Liq \ X2,ai 0}- Then by Proposition 
(3.14)(10), Lie = UaLi6,a. Since t-T2,«i < ^-72,31 for q; = 2, 3, we only consider 
the case a = 3. 

It is easy to see that 



Since aU the entries of the above element are positive, X'^Ql^^^^, Xt)t is 
integrable on M_|_ x iov a and on [1, 00) x for all a. 

(15) Consider L17. 
It is easy to see that 



Since all the entries of the above element are positive, X'^Qiiri'^, Xt)t 
integrable on x for u > and on [1, 00) x for all a. 

(16) Consider Lig. 
It is easy to see that 



Since all the entries of the above element are positive, X^QL^g{^,Xt)t~'^P is 
integrable on 1R+ x T° for cr > and on [1, 00) x T° for aU a. 
This completes the proof of Theorem (3.1) for the case (4). 
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